Abstract. Let G 4 be the space of all simple closed geodesics on the punctured sphere Σ 4 . We construct an explicit homeomorphism of the completion of G 4 onto a circle by using geometric intersection numbers. Also, we relate these geometric intersection numbers to trace polynomials of transformations corresponding to geodesics in G 4 in a representation of π 1 (Σ 4 ) into P SL(2, C).
Introduction
Thurston proved that the simple geodesics on a Riemann surface can be made into a topological space and that this space is homeomorphic to a sphere whose dimension depends on the topology of the surface. We shall be interested in the space of simple geodesics on a 4-punctured sphere. By Thurston's result, this space is homeomorphic to a circle. The aim of this article is to give an explicit construction of this homeomorphism.
The motivation for this work was an attempt to generalize the pleating coordinates defined for the Maskit embedding of the Teichmüller space of a punctured torus ( [4] ) to four-times punctured spheres ( [2] ). The construction given here is used to relate the asymptotic behavior of the trace of an element of a marked Kleinian group representing a simple closed geodesic to its intersections with the marking curves.
We present the construction and show the traces here because it is of interest in its own right.
The rest of the paper is organized as follows. In §1, we recall some basic definitions and set up some notations. A regular B-group G will be given in this section to represent a 4-punctured sphere Σ 4 and two thrice-punctured spheres.
In §2, the set G 4 of all simple closed geodesics is described by using a technique developed in [1] . Each γ ∈ G 4 is associated with two integers I X (γ) and N(γ) such that I X (γ) and |N(γ)| are geometric intersection numbers of γ ∈ G 4 with two specific geodesics in G 4 . By using these two integers, a formula for the geometric intersection number of any two geodesics γ and γ in G 4 is given in Theorem 2.6. In Theorem 2.5, we give a homeomorphism Ψ of the space of simple geodesics on Σ 4 onto R ∪ {∞} with Ψ(γ) = N(γ) IX(γ) for all γ ∈ G 4 . In the last section, for each simple closed geodesic γ on Σ 4 , we find a word W (γ) in G to represent it (Theorem 3.2). Then, we consider the deformation space of G, which is a holomorphic family of regular B-groups G µ quasiconformally conjugate
Basic Definitions
Let Σ 4 be a 4-punctured sphere equipped with a hyperbolic metric. A simple closed curve on Σ 4 is called essential if it is neither homotopically trivial nor homotopically equivalent to a puncture of Σ 4 . Let G 4 be the set of all free homotopy classes of non-oriented essential simple closed curves on Σ 4 . Every element in G 4 contains a unique geodesic γ on Σ 4 . By abuse of notation, we shall also use γ for the free homotopy class containing γ.
We provide G 4 with the discrete topology. Let [G 4 , R + ] be the set of all functions from G 4 into the set R + of all non-negative real numbers. For any two elements γ and γ of G 4 , we denote by i(γ, γ ) the geometric intersection number of γ with γ . Each γ ∈ G 4 defines a function I γ : G 4 −→ R + given by
It is a well known fact that the composition πI is injective (see [3] ). This allows us to identify G 4 with πI (G 4 
To enumerate free homotopy classes in G 4 , we use a Kleinian group G whose regular set has an invariant connected component Ω 0 such that Ω 0 /G = Σ 4 . Since this
is a topological problem, we may choose a B-group G representing a 4-punctured sphere and two thrice-punctured spheres. Let
By using Maskit's first combination theorem ( [6] , Theorem VII.C.2.), one can prove that the subgroup G of P SL(2, C) generated by S, T and X is a B-group representing a 4-punctured sphere and two thrice-punctured spheres. We choose a connected and simply connected fundamental domain D for G acting on the invariant connected component of the regular set of G (see left of Figure 1 ). For simplicity, we shall schematically draw D as given in the right of Figure 1 It is easy to see that if γ and γ are two essential simple closed curves on Σ 4 with the same underlying set but opposite orientations, and if W is a word in G representing γ, then γ is represented by W −1 . Because we are only interested in non-oriented essential simple closed curves, we shall not distinguish W −1 from W . On the other hand, since every free homotopy class of a simple closed curve corresponds to a unique conjugacy class of an element of G, we shall not distinguish a word in G from its conjugates. In particular, a cyclic permutation of a word W in G is conjugate to W in G. We shall identify these words and call any one of them a cyclic word.
A word W = E 1 · · · E m in G will be called a reduced word if for each j,
where 1 is the identity of G. When W represents a curve in G 4 , we also require that E m E 1 = 1. For every j = 1, . . . , m, and every positive integer k < m, we call E j+1 · · · E j+k a subword of W , where E m+1 = E 1 . Let Π : D −→ Σ 4 be the canonical projection. For E ∈ {S ± , T ± , X ± }, let γ E denote the image of the E-side under Π. γ E is a simple arc on Σ 4 joining two punctures of Σ 4 .
For every γ ∈ G 4 , Π −1 (γ) is a disjoint union of a finite number of simple arcs in D with endpoints on the sides of D. We call each of these simple arcs a strand of γ. γ has exactly k ≥ 0 strands with endpoints on the E-side if and only if it has exactly k ≥ 0 strands with endpoints on the E −1 -side. We denote by I E (γ) the geometric intersection number of γ with γ E . Then I E (γ) is the number of points which are endpoints of strands of γ on the E-side (or the E −1 -side).
The Space G 4
In this section, we shall construct a homeomorphism Ψ of πI(G 4 ) ontoR = R ∪ {∞} so that Ψ(G 4 ) = Q ∪ {∞}, where R is the set of all real numbers,R is the one-point compactification of R, and Q ⊂ R is the set of all rational numbers. To construct the homeomorphism Ψ, we shall first enumerate the space G 4 by using a technique developed by Birman and Series [1] .
An enumeration of G 4 is given by Keen and Series in [5] as follows. Let L = {m + ni : m, n are integers}, and let Γ be the group of Möbius transformations generated by the transformations
The quotient (C − L)/Γ is a four-punctured sphere. For each m ∈ Q ∪ {∞}, let (m) be a straight line in C − L of slope m. Keen and Series enumerate the space G 4 by identifying each free homotopy class γ ∈ G 4 with a number m ∈ Q ∪ {∞} whenever γ is represented by the projection of (m) on (C − L)/Γ. The enumeration of G 4 that will be given in this section is essentially the same as that given in [5] . Our enumeration can be read off directly from some numbers of strands of geodesics in G 4 , and these numbers relate directly to trace polynomials of transformations in G representing geodesics in G 4 (see Theorem 3.4).
Let S(Σ 4 ) be the set of all isotopy classes of families of finite unions of pairwise disjoint simple loops on Σ 4 , subject to the restriction that if Λ is in S(Σ 4 ), then no connected component of Λ is either homotopically trivial or homotopically equivalent to a puncture of Σ 4 . It is clear that G 4 is a subset of S(Σ 4 ). In fact, each Λ ∈ S(Σ 4 ) is a finite number of copies of a geodesic γ in G 4 ; more precisely, each connected component of Λ is homotopically equivalent to γ.
Let Π : D −→ Σ 4 be the canonical projection. For each Λ ∈ S(Σ 4 ), Π −1 (Λ) is a union of a finite number of simple arcs in D. Each of these simple arcs is called a strand of Λ. For
be the number of strands of Λ which connect the E 1 -side to the E 2 -side of D. Now, for each E ∈ {S ± , T ± , X ± }, we choose a point P (E) on the E-side of D so that P (E −1 ) and P (E) are identified by E. Let τ(Λ) be the weighted graph obtained by collapsing all those strands of Λ which join a given pair of sides E 1 and E 2 of D to a single arc from P (E 1 ) to P (E 2 ), labelled by the number n Λ (E 1 , E 2 ) of strands which were collapsed. Birman and Series call the weighted graph τ (Λ) a π 1 -train track. For convenience, we set n Λ (E 1 , E 2 ) = 0 if there is no arc in τ (Λ) joining P (E 1 ) to P(E 2 ).
Let Λ 1 , Λ 2 and Λ be any three elements of S(Σ 4 ). If, as sets of points of D, τ(Λ) is the union of τ (Λ 1 ) and τ(Λ 2 ), and if there are two fixed non-negative integers a and b with a 2 + b 2 = 0 satisfying
for any pair of sides E 1 , E 2 of D, then we shall write
For x ∈ {0, ±1, ±2, ∞}, let γ x be the simple closed geodesic in G 4 represented by W x ∈ G given as the following:
see Figure 2 . It is easy to see that every Λ ∈ S(Σ 4 ) can be written as one of the following: Let Θ, T 1 and T 2 be the automorphisms of G defined by
Θ induces an (orientation reversing) homeomorphism of Σ 4 onto itself, and T j induces an (orientation preserving) homeomorphism of Σ 4 onto itself, also denoted by Θ and T j , respectively. T 1 interchanges the two punctures of Σ 4 corresponding to the fixed points of S and T S −1 , and T 2 interchanges the two punctures of Σ 4 corresponding to the fixed points of T −1 S and X −1 T . A result of Birman and Series [1] says that Θ, T 1 and T 2 act on S(Σ 4 ) "linearly". More precisely, for ϕ = Θ or T j , if γ, γ ∈ σ i for some i, and if ϕ(γ), ϕ(γ ) ∈ σ j for some j, then
where a and b are any two non-negative integers with a 2 + b 2 = 0. LetĜ 4 = G 4 − {γ ∞ }. We associate to each γ ∈Ĝ 4 the integer N (γ) defined as follows: +#(strands of γ joining the T ε -side and the E δ -side)
where ε, δ ∈ {1, −1} and E ∈ {X, S}. Set
Lemma 2.1. Let γ ∈Ĝ 4 . Then there is an integer k depending on γ such that T
Proof. It is easy to see that this lemma holds for γ ∈ 5 j=2 σ j . Next, we shall prove that this is true for γ ∈ σ 6 − {γ ∞ , γ 2 }. By a similar argument, the assertion will follow for γ ∈ σ 1 − {γ ∞ , γ −2 }.
Write γ = aγ 2 + bγ ∞ , where a, b > 0 and gcd(a, b) = 1. There exist nonnegative integers k and c < a such that b = ak + c. Since T −1
Proof.
(1) follows immediately from the definition of N (γ) and that of I X (γ). For the proof of (2), we first assume that γ ∈ G 
Case 2. If γ = aγ 1 + bγ 2 , then N(γ) = a + 2b and I X (γ) = a + b. 
and 1 ), and let
Corollary 2.3. If γ ∈Ĝ 4 and k ∈ Z, then
A direct computation shows that the image of ψ is contained in the triangle ∆ ⊂ R Figure 3) . Moreover,
+ : x 1 + x 2 + x 3 = 1 and x 1 = x 2 + x 3 }. Next, we define Ψ :Ĝ 4 −→ R as follows: Proof. By Lemma 2.2,
Let r be any non-negative rational number, and let m ≥ 0 be the integer such that 0 ≤ r − m < Now, we prove that ψ is injective. Let ∆ be the triangle as given above, and let ∆ be the image of ∆ under the orthogonal projection
It is easy to see that p is a homeomorphism of ∆ onto ∆ . Let q : ∆ −{(
otherwise.
Clearly, q is a homeomorphism of ∆ onto R, and Ψ(γ) = qpψ(γ) for all γ ∈Ĝ 4 . Then ψ is injective onĜ 4 , and thus it is injective on G 4 . The proof of the lemma is complete.
Now, using notations given in the previous section, we shall extend ψ and Ψ to the closure of πI(G 4 ) in P[G 4 , R + ]. First, for every γ ∈ G 4 and for each k = 1, 2, 3, we define x k (I γ ) = x k (γ). For any positive number t and for any α ∈ G 4 , tI γ (α) = ti(γ, α). Since x k is homogeneous, then we can extend x k to π −1 πI(G 4 ) by defining x k (tI γ ) = x k (I γ ) for all γ ∈ G 4 and for all positive numbers t. Thus, x k induces a well-defined map on πI(G 4 ) given by x k (π(I γ )) = x k (I γ ).
Let be any point of π −1 πI(G 4 ). There is a sequence {t n } ∞ n=1 of positive numbers, and a sequence {α n } ∞ n=1 in G 4 such that {t n I αn } ∞ n=1 converges to . For
.
and let x k : π −1 πI(G 4 ) −→ R + be defined by
It is easy to see that x k (t ) = x k ( ) for all t > 0 and for all ∈ π −1 πI(G 4 ). Then
It follows immediately from the definition that x k is continuous on π
then x k is continuous on πI(G 4 ). Now, we obtain a continuous map of πI(G 4 ) into ∆ whose restriction to πI(G 4 ) ≡ G 4 agrees with ψ, and we obtain a continuous map of πI(G 4 ) − {π(I γ∞ )} into R whose restriction to πI(Ĝ 4 ) ≡Ĝ 4 agrees with Ψ. We also denote these two continuous maps by ψ and Ψ, respectively. Let p : ∆ −→ ∆ and q : ∆ − {( Let r be an arbitrary point ofR. There is a sequence {r n } ∞ n=1 of points in Q = Q ∪ {∞} converging to r. By Lemma 2.4, for each n there is an L n in πI (G 4 
. By the continuity of Ψ, we have Ψ(L) = r. This proves that Ψ is surjective.
In the rest of this section, we shall prove that ψ is injective. This implies that Ψ is injective, and we obtain the following theorem. Theorem 2.5. The map Ψ is a homeomorphism of πI(G 4 ) ontoR. Moreover,
and the image of G 4 under Ψ isQ = Q ∪ {∞}.
To prove the injectivity of ψ, we shall need the following theorem.
Theorem 2.6. Let γ and δ be any two distinct elements ofĜ 4 . Then
Remark. The equation given in Theorem 2.6 is valid for any two geodesics γ and δ in G 4 if we define I X (γ ∞ ) = 0 and N(γ ∞ ) = 1.
Proof of Theorem 2.6. By Corollary 2.3 we have
for any integer k. Therefore, we may assume δ = aγ 2 + bγ ∞ where a > 0 and b ≥ 0 are relatively prime integers. Thus, I X (δ) = a and N (δ) = 2a+b. We shall complete the proof by applying mathematical induction on I X (δ) = a, and we need the following lemma.
Proof. By direct computations, we have:
Then for any two non-negative relatively prime integers a and b we obtain:
By the definition of I X (γ) and that of N (γ), this lemma holds for γ ∈ 4 k=1 σ k − {γ ∞ }. Next, we consider aγ 1 + bγ 2 :
The assertions hold for aγ 1 + bγ 2 . Finally, we investigate the cases aγ 2 + bγ ∞ , where a > 0:
The proof of the lemma is complete. By the induction hypothesis
By Lemma 2.7, we have
This completes the proof of Theorem 2.6.
Proof of the injectivity of ψ. It is clear that we only have to show that ψ is injective on πI(
. There exist sequences {t n } and {s n } of positive numbers, and there exist sequences {α n } and {β n } inĜ 4 such that lim n→∞ t n I αn = 1 and lim
Claim. lim n→∞ t n I αn (γ) = lim n→∞ ts n I βn (γ) for all γ ∈ G 4 .
This claim proves that 1 = t 2 , and L 1 = L 2 . Therefore, ψ is injective. a, b, c) .
Let γ ∈Ĝ 4 be arbitrary. Obviously
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Then, by Theorem 2.6, we have
By the same reasoning, we have
This proves the claim for this case.
and thus lim
By Theorem 2.6 again,
Case 3. Assume ab = 0. By the continuity of ψ, one can choose α n and β n so that N (α n )N (β n ) > 0 (see Figure 3 ). Then we have
The claim also follows from Theorem 2.6 for this case. The proof of the claim is complete.
Words and a Trace Formula
In this section, we shall find for each γ ∈ G 4 a word W (γ) ∈ G to represent it. Then, we consider the family of quasiconformally conjugates G µ of G. For every γ, there is a word W (γ; µ) ∈ G µ representing γ. We shall compute higher order terms of the trace of W (γ; µ). This section is a part of the author's Ph.D. thesis [2] .
First, we restrict our attention to γ ∈ σ 4 . Let
be a cyclic reduced word in G representing γ. Note that W is a loxodromic transformation.
If XX, X −1 X −1 , SS or S −1 S −1 is a subword of W , then γ is not essential or is a curve spiraling around a puncture on Σ n (see (1) in Figure 4 ). This is not allowed. By the same reasoning, T ε E −ε T ε and E ε T −ε E ε cannot be a subword of W , whenever E ∈ {S, X} and ε = ±1 (see (2) in Figure 4 ).
If T ε E ε T ε or E ε T ε E ε is a subword of W , E ∈ {S, X} and ε = ±1, then γ is not simple (see (3) and (4) in Figure 4) .
If E −δ T ε E δ is a subword of W , E ∈ {S, X} and ε, δ ∈ {±1}, then γ is not simple (see (5) and (6) in Figure 4) .
If E δ T p E δ is a subword of W , E ∈ {S, X}, δ , δ ∈ {±1} and p = 0 is an integer, then γ is not simple.
From the above discussion, we have:
(1) For every fixed i, if j is the smallest positive integer such that E i , E i+j ∈ {X ± }, then j ≥ 2, E i+1 , . . . , E i+j−1 ∈ {T ± , S ± }, and there is a unique p ∈ {i + 1, . . . , i + j − 1} such that E p ∈ {S ± }. The proof is complete.
